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Abstract

We describe a consensus-based distributed filtering algorithm for linear systems with a parametrized gain and show that when
the parameter becomes large the error covariance at each node becomes arbitrarily close to the error covariance of the optimal
centralized Kalman filter. The result concerns distributed estimation over a connected un-directed or directed graph and for
static configurations it only requires to exchange the estimates among adjacent nodes. A comparison with related approaches
confirms the theoretical results and shows that the method can be applied to a wide range of distributed estimation problems.

Key words: Continuous-time filters; Kalman filtering; Distributed filtering; Consensus filters.

1 Introduction

Consensus-based algorithms for distributed filtering of
the state of a dynamical target system have attracted
considerable research in the last years. Distributed fil-
tering involves state estimation using a set of local filters
that communicate with all other nodes through a com-
munication network that constraints the information ex-
change to the neighbors in the network without requiring
a centralized node. This framework encompasses a wide
range of cases, such as multi-sensor fusion where a set of
identical sensors aims at reaching a common estimate of
the target through some distributed information fusion
algorithm, or wireless sensor networks where the indi-
vidual nodes may either be communication nodes that
only have processing and computation capabilities, but
no direct access to the target system, or sensor nodes
with additional sensing capabilities. The popularity of
distributed estimation techniques is due to their scalabil-
ity for large networks and high fault tolerance. Surveys
of distributed state estimation approaches and compar-
ison with centralized and decentralized methods can be
found in [4, 14, 18]. In addition, the motivation for reach-
ing consensus and synchronization in the distributed es-
timates arises in many fields, especially in connection
with control problems, where are particularly relevant
in the context of cooperative multi-agent systems, see
[11, 15, 20, 21] for comprehensive treatments.
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The most relevant issues for distributed estimation tech-
niques include: (i) accuracy, i.e., reducing the estimation
error at each node; (ii) consensus, i.e. convergence of es-
timates across nodes; (iii) communication, i.e. reducing
the amount of communication burden among nodes; (iv)
observability, i.e. the capability of dealing with sensors
with limited or null system measurements [8]. It is gen-
erally assumed the existence of trade-offs among these
features. For example, strong consensus may be obtained
at the expenses of estimation accuracy at some nodes
[2], and increased accuracy might require more intensive
communication across nodes. It is moreover tacitly as-
sumed that the accuracy of distributed schemes is always
worse than accuracy of a centralized optimal algorithm.
These limitations are present in all the approaches re-
ported in the literature. In [14] the system is supposed
to be jointly detectable by each node and its neighbors.
Recent approaches [7, 10, 19] have relaxed this assump-
tion but a trade-off between internal stability of the filter
and accuracy of the estimates still exists.

Our work extends the preliminary version in [1] and
shows that these trade-offs can be overcome.

(1) We exhibit a distributed algorithm that requires
only collective observability, attains consensus and
tends to optimal accuracy with least communica-
tion burden.

(2) The proposed algorithm extends the consensus dis-
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tributed DKF of [14] to the case of networks with
nodes that have limited or null measurement capa-
bilities and provides a more accurate estimate.

(3) Our work extends the results obtained in [16] that
uses a similar approach for systems with null or
bounded measurement noise.

The Approximate Distributed Kalman Filter (ADKF)
is introduced in Section 3 after formally describing the
framework in Section 2 and the centralized optimal ap-
proach in Section 2.1. The extension to directed graphs
and arbitrary gains is considered in Section 4. In Section
5 and Section 6 we compare, from the theoretical and
numerical perspective, the proposed algorithm with the

centralized solution and other recent approaches, DKF
[14], MKCF [17, 7], DKBF [19], and IKCF of [7].

Notation. R denotes real numbers. For a square ma-
trix A, tr(A) is the trace, 0(A) is the spectrum and p(A)
the spectral abscissa. If (A) < 0 then A is said to be
Hurwitz stable. E{-} denotes expectation. ® is the Kro-
necker product. The operators row;(), col;(), diag;() de-
note respectively the horizontal, vertical and diagonal
compositions of matrices and vectors indexed by 4. Let
S(n) € R™*" be the set of symmetric matrices of size n.
P(n) (resp., P+(n)) < S(n) denotes the set of positive
semi-definite (definite) matrices in S(n). I,, is the iden-
tity matrix of size n and U,, = 1,1, 1,, = coll_;(1) is
the square matrix of size n with all entries 1.

2 Problem formulation and preliminaries

We use a graph G = (V, ) to describe the information
exchange between the N nodes. V = {1,2..., N} is the
set of agents and £ < V x V is the set of edges. An edge
(i,4) of G represents the exchange information between
nodes ¢ and j. The graph is undirected and connected,
and the set of neighbors of node 4 is denoted by N :=
{jeV:(j,i) €&, j+#i}. The adjacency matrix A of a
graph G is an N x N matrix, whose (¢, j)-th entry is 1 if
(i,7) € £. The degree matrix G is D = diag; (]N)]). The
Laplacian of G is £ = D—A. L is symmetric iff the graph
is undirected. Moreover, 0 = A\ (L) < X2(L£) < -+ <
AN (L), where A\;(L) € o(L), iff the graph is connected.
An eigenvector associated to A1 (L) is 1n.

Consider the process

Xt :AXt + ft, (].)

vy =Cixi +g, i=1

where x; € R", ygi) e R%, ¢; > 0, and f; and ggi),
i = 1,..., N, are zero-mean white noises, mutually

independent with covariance respectively Q € Pi(n),
R; e Pi(q)i=1,...,N [6]. The matrices @ and R =

diag;(R;) are nonsingular. Also xg is random with mean
Xp := E{xo} and covariance Xy, := E{(x¢ — Xo)(x0 —
%) }. If C' = col;(C;) we assume that (C, A) is observ-
able. Also, we use the notation y; = col;(y'"”). Each y!"
represents the data available at node ¢, 1 = 1, ..., N,
in the network. We will design a distributed state esti-
mator for the system (1) with the given topology of the
network G. The distributed estimators will consist of N
local estimators, one for each node, which exchange their
local estimate with the neighbors.

2.1 Centralized Kalman-Bucy filter (CKBF)

The equations of the centralized Kalman-Bucy filter
(CKBF) for (1) are Xg = Xo, Po = Xx,,

);Et :A)/Et + Kt (Yt — O)/Et), (3)
P, =AP, + P, AT + Q—P,CTR™'CP,,  (4)

with K; = P,C T R~'. The matrix P, represents the co-
variance of the estimation error E{(x; — %;)(x; — %) " }.
The CKBEF is optimal and in the Gaussian case it com-
putes the conditional expectation E{x; | ys, s < t}, The
covariance P; € P, (n) is bounded for all ¢ > 0 and
P; — P, ast — +oo with Py, € P4 (n) the unique solu-
tion of

0=APy, + P,A" +Q — P,C'R7'CP,. (5)

If Ac := A— K,C, Ky, = P,CTR™!, from (4), we
obtain the asymptotically optimal CBKF

);(ss,t = A)A(ss,t + Koc (Yt - Ciss,t)- (6)

3 Approximate distributed Kalman filter

(ADKF)
3.1 ADKF algorithm

The ADKF consists of one filter for each sensor node of
the network. The equations at the i-th sensor node are

;(EZ) :Aﬁgi) + Kz‘(ygi) - Cﬂ?gi))

+Pe Y & -z, (7)
JEN (D)

with K; = NP,C; "R, !, P, solution of (5)andy > 0a
filter parameter chosen so that the matrix Ap () defined
below is Hurwitz stable.

AiIZA—KiCi,Z.Il,...,N, (8)
Ap(7) :=diag;(4;) — y(L ® Py) € R™V>*"N — (9)



Theorem 1 There exists~yy > 0 such that for ally > g
Ap(7) is Hurwitz stable.

Proof. We prove that there exists X € Py (nN) and
~o > 0 such that for all v > g

X Ap(Y) + Ap(7) X < 0. (10)
If Xoo := INQ Pyt and W; := P A;+ A] P!, we have
XooAp(y) + AL () Xop = diag,(W;) — 29(L® I,).

Since v € R™\{0} : v (LR )v =0 = v = Iy ®7,
v € R™\{0}, it follows that

veR"™\{0}: v (L®L)v=0
= v diag;(W;)v = No' (P 'Ac + ALP; Yo < 0.

By Finsler’s lemma there exists vy > 0 such that, for all
v > o, diag; (W;) —2v(L®I,) < 0, which proves (10).[]J

3.2 Properties of the ADKF

Define the local estimation error egi) =Xy — ig“, the

total estimation error e; := coli(egi)), the total measure-

ment noise vector g; := col;( El)) e RXi=1 9 the noise
vector h; = col;(f; — K,»gﬁ”) with covariance ¥; :=
E{h;h/}, and the estimation error covariance matrix
X, := E{ese/ }. Clearly X; depends on +, but we omit
this dependence for notational simplicity.

€ =Ap(v)e; + hy (11)
U, =Uy ® Q + diag,(K;)Rdiag,(K,;).  (12)

Theorem 2 For all v > 7y the estimation error covari-
ance matriz Xy is uniformly bounded in time.

Proof. The result follows from the fact that Ap(y) is
Hurwitz for v > 79 and ¥y, is constant. []

Our purpose is to show the key result that X, — Uy ®
P, when v — oo (P is the asymptotic error covari-
ance of the CKBF). Let X := Uy ® Py, be the the
asymptotic error covariance of N identical CBKF's. Since

(L& Pp)XE = (LR Py)(Uy ® Py) =0,

o ) (26 .1 X

:
XS (diag,(Ac) ~ (L@ Py)) +Un®Q
+ diag | (K.)(Uy ® R)diag (KT).  (13)

Let G; = CJR'C;, Gq := diag;(G;), and G :=
CTR™'C. Notice that

N N
G = ;G = ;ojR;lci. (14)

By introducing the covariance mismatch E; := X; —X$
we obtain after some manipulations

E; =Ap(")E; + E,AL(y) + %, (15)
Y= N?(Iy ® Py)Ga(In ® Py)

+ Uy ® (PrGPy) — N(Iy ® Pyp)Ga(Un ® Py)

~ N(Un ® Py)Ga(In ® Py). (16)

Our main result can thus be stated as follows.

Theorem 3 As -~y — +0o0, the covariance matriz of the
estimation error of the ADKF' (7) tends to the covariance
matriz of the estimation error of the CKBF (4) when
t — +00. In other words, we have

lim  lim X; = XS := Uy ® Py. (17)

y——+00 t—+00

In order to prove the above statement, we notice that
there always exists a transformation T" such that

1L 47T
VNN
to
T = , TLTT = diag{0, A2, ..., \n}
tn
where Az,..., Ay > 0 are the positive eigenvalues of £

(see Section 2) and ¢;1 5 = Z;'V=1 ti; =0, tit;r = 0;,; with
1,7 =2, ..., N,i.e. Tisorthonormal. Define S := T®I,

andlet E, := SE,ST. We have after some manipulations
and taking into account (14)

E, = Ap(7)E; + E,AL(7) + NS (18)

where fori,j =2,..., N,

Ac IT; 2 e I
~ Iy oo — APy - Iz N
Ap(v) = . .

Iy In2 < Iy N —7AnPeo

(19)



N
HlJ =Hj’1 = 7\/NZ tj,lpooGla j = 2, ce ,N,
=1

N
M ; =T, = 0i A= N Y tiat; 1 PGl
=1
00 - 0
0 iQ,Q e ij2 N

)

(20)
0Sng - f;N’N

- - N

Yij =Yg = Z tiit1 Poo Gi Peo .-

The matrix Ap (7) is Hurwitz Yy > ~yo since Ap(y) is
Hurwitz V4 > ~y by Theorem 1. Moreover, since ¥y >

70 o(Ap(1) A o(~AL (1) = @, for any 7 > 7o there
exists a unique symmetric solution Ey (7) to

~ ~

0=Ap(1)Ex(y) + Bx(1AL(y) + N?E (21

The proof of Theorem 3 follows directly from the next
two lemmas.

Lemma 1 For each v > 7y the matrix E, satisfies

lim E, = E, (7). (22)

t—+00

Proof. Let A; := Et—ﬁw('y). We have A; = ZD(W)AH-
A AL (). Since A(y) is Hurwitz for all 4 > 7o we have
A, = eAPMEAGeADE 5 0 as t — +o0. [

Lemma 2 The matrix Et satisfies

Jim E(3) = 0. (23)

Proof. The solution E,(y) of (21) is unique and it can
be parametrized in « as follows. Let
W1 = I‘OW?;ZHM WQ = COL{\LQH” (24)

s )

Moo -+ Ilon z~32,2 i72,N
Wo := Dot , A= o :

Ingo -+ Iy ij17\/,2 iN,N
(25)

With this definitions the equation (21) reads out as

00 Ac Wy ~
= Eoo(’}/)
0A WQ W() — ’yD ® Poc
N <AC Wi

-
+Ex(7) , (26)
Wi Wo —vD ® Py

where D = diag’¥_,()\;). The solution E(7) is analytic
in v > 0 and can be written (using a Taylor expansion)
as

i (vuro(s)  traro(d)
1\ +0(3) Yo+ 4vaz+ 0 (&)
(27)

Ew(v)

where Y3 is the unique (since o(D ® Py) N o(—D ®
Py) = &) solution of

V31(D® Py) + (D ® Py)Ys1 = NA,
Y3 2 is the unique (since 0 (D® Py ) no(—D®Py,) = )
solution of

(D® Py)Ys2 + Y3 2(D® Py) = WoYaq + Y3 Wy,

Yg,l is defined as Y271 = Wl}/&l(D@Pw)il, }/171 is the
unique (since o(Ac) N o(—AL) = &) solution of

AcYiq + Y11 AL = —(W1Y2T1 + Yo W),

From (27) it follows that lim., o Eo () = 0. [
Clearly, from the above lemmas we conclude that

lim lim E;= lim
y——+00 t—+400

lim E, =0 (28)

y—+0 t—+00

which proves Theorem 3. An important consequence is
that the error covariance of each filter at the sensor node
tends (as v — +o0 and ¢ — 4+0) to the optimal steady
state Py of the centralized filter.

Corollary 1 Foreachj=1,..., N, it holds

lim lim [Xt]j,j = Poo~ (29)

y—~+00 t—+400

Remark 1 In any discrete-time implementation -y
cannot be chosen arbitrarily large, due to numerical is-
sues. A larger v requires a smaller integration step that
constraints the communication lag among nodes. Con-
sequently, any implmentation of the ADKF will suffer
a certain performance degradation with respect to the
CKBF, in accordance with what happens in the discrete
time framework.



Algorithm Broadcast Push-Sum
1: In all nodes set sp; = CTR IO, and wo,; = 0,
except for wo; = 1.

2: At time 0 each nodes sends (sq;, wo,;) to itself.

3: At time t each node executes:
1. Let {s;, w,} be the pairs sent to 7 in round ¢t —1.
2. Let sy =2 8, Wes = 2, Wy
3. Send to all neighbors and to ¢ (yourself):

1 1
<|N<i)| 17 NG + 1wt’i>

4. sy:/wy, is the estimate of G at step ¢ (if w;; = 0
the estimate is not specified or 0).

Fig. 1. A modified version of the Push-Sum algorithm of [9]
that makes possible the distributed computation G.

3.8 Distributed computation of Py,

The ADKF is extremely simple to implement and the
information exchange among nodes is reduced to a min-
imum. However each node i needs to compute (or to
know) Py, thus the aim of this section is to show how the
this computation can be implemented in a completely
distributed manner. The matrix P, can be computed by
solving (5), a matrix equation with size n that does not
depend on the graph structure and that even nodes with
limited computational power can easily solve. Clearly,
with many sensor nodes the size of C and R can be large,
but CTR™1C is a n x n matrix. The solution of (5) re-
quires G = CTR~'C. When measurement noises are in-
dependent G is expressed as in (14), that is, the sum
of the matrices C;' R; 'C; over the graph. A distributed
computation of G can be achieved by resorting to dis-
tributed algorithms to compute aggregate functions over
graphs [9]. In Fig. 1 we report an algorithm derived from
the Protocol Push-Sum of [9] to compute G in a dis-
tributed way. The speed of convergence of the local esti-
mate to the true value of G can be analyzed in the light
of the results of [9]. In the case of static graphs, the esti-
mation of G can be executed off-line before the filtering
phase. In presence of time-varying graphs, sensor failure
or insertion, the Push-Sum algorithm can be kept run-
ning during the execution of the filter in order to adapt
the value of G and therefore of Py,. Finally, the value of
N can be computed by the same distributed algorithm
when it is not known at the nodes.

3.4 Distributed computation of ~y

Theorem 2 states that the estimation error covariance is
bounded for v > 7y, thus the lower bound v for v needs
to be known at the nodes. Consider the inequality

(In ® P )Ap(y) + AL()(AN®P;) <0 (30)

where Ap(v) is as in (19). The left-hand part of (30) is

1% —W: 0 0
1,1 1,2 oy 31)
—Wa1 Ap —Wap 0" A®I,

where, by using Riccati equation (5),

W1 :=PglAc + ALP;' = —P.'QP,' —G <0
ng Z=W2Tl = 2\/N (ZivltZZGl le\iltN)lGl) 9
Ap =IN_1® (Py'A+ ATP,") (32)
S 3,G o N taatn G
WQ’Q :=2N . .
S tnit Gl N 1R, G

Therefore, a necessary and sufficient condition for (30) is

Ap — W2’2 — 2’yA®In — WQJW{)%WLQ <0 (33)

Using the fact that Z
WQ}Q"YO and WQJWLQ

- ” =1foralli=1,...,N,
4N?(Iy_1 ® G), we obtain

[Pt A+ ATP +90 _ [Pt A+ ATPSY + 9
2(1 — cos(m/N)) A2(L)

(34)
Yo =AN?u (P 'QPL + G) ™) w(@), (35)
where we have used the inequality Ao(L£) > 2(1 —
cos(m/N)), that holds for a connected undirected graph
with no multiple edges [5]. The lower bound depends on
A, Q, Py, G and N, that are available at each node in
view of the results of Section 3.3.

4 Additional results
4.1  Directed graphs

In this section we outline a generalization of ADKF to
weighted directed graphs. The (i, ) entry of A is the
weight associated to the edge. We assume that the graph
is simple and strongly connected, i.e. there exists a
directed path between each pair of nodes. The Lapla-
cian £ € RV*N is defined as £ == M — A, M =
diagi(Zj-Vzl A; ;). £ has a zero eigenvalue with eigenvec-
tor 1y and if the graph is strongly connected pu(—L) = 0.
The equations for the ADKF at the i-th sensor node are
obtained from (7) by replacing N with tr(D)/d;,

A0 ~@) , tr(D i NG
xi) =AX ( L; )K( (@ C’lxg))
+Pe Y & - %), (36)
JeEN (D)



with K; = P,C; T R;”" and v > 0 a parameter. Define
Ai = A— (tI‘(D)/dz)chl and AD as in (9)

Theorem 4 There exists yg > 0 such that for all v > g
Ap(7) is Hurwitz stable.

Theorem 5 Asy — +o0, the covariance matrix of the
estimation error of the ADKF (36) tends to the covari-
ance matriz of the estimation error of the CKBF (4)
when t — +00.

4.2 Suboptimal distributed Kalman filter (SDKF)

By replacing the gains K; in ADKF with non optimal
gains L; we obtain an algorithm, named SDKF, that
achieves consensus but it is no longer optimal for v — co.

20) NG i NG NOIIPNG

X, =Ax§)+NLi(y£)fC'iX§))+’yS Z (XEJ)—XE)
JeEN (D)

(37)

with L; € R**% S € S(n) and v > 0 design parameters.
Define A; := A — NL;C; and Ap(y) := diag;(4;) —
VLR S).

Theorem 6 For any L = col;(L;) such that Ac := A —
LC is Hurwitz stable and any S € Py (n) such that AcS+
SAL+ Q-+ LRLT = 0 there exists yo > 0, such that for
all v > vo Ap(7y) is Hurwitz stable.

Theorem 7 For all v > ~g the estimation error co-
variance matrix X is uniformly bounded in time and
lim; 4o Xy = XSG () where XS (v) is the unique posi-
tive definite solution of Ap(v)XS (v) + XSG (V)AL (y) +
W, = 0 that satisfies

lim X$(y)= lim lim X, =Uy®5S.. (38)

y—+00 y—+00 t—+00

5 Comparison with related approaches

DKF. The following popular continuous-time dis-
tributed filter was proposed in [13]. as an enhancement
of [12].

2 A=Y 4 pCT R (y© - c2)
P Y, () -27) (39)

JEN (D)
P, =AP, + PAT + Q — P.C/ RO, P, (40)

with v a positive parameter. Notice the similarity
with (7) Clearly, P; is bounded when (C;, A) is an

observable pair. A slight extension is to apply the al-
gorithm by replacing y® with COleN(i)(y(j)) and C;
with col;cnr (Cj). In any case, the DKF can be ap-
plied only when local observability conditions hold, and
in particular C; # 0, that is, all the sensor nodes (or
their immediate neighbors) have measurements. In this
condition the estimation error variance is bounded.

MKCF. The Multi-agent Consensus Filter (MKCF)
was originally proposed in [17] and extended in [7]. It
assumes that only the nodes for which g; = 1 have
measurements and in thi case C; = I,

yi(t) = gizi = gi(x + vy). (41)

The MKCF algorithm needs to exchange both the esti-
mates and the matrices P; among adjacent nodes. There
are no theoretical stability results for the MKCF. MKCF
can applied to a wider sets of network with respect to
DKEF but it is limited by the assumption C; = I.

DKBF. The Distributed Kalman-Bucy Filter [19]
builds over the approach of [10], where it was shown
that the optimal centralized accuracy can be attained if
the consensus gains were chosen by taking into account
the estimation error covariance of each node. Since this
is not feasible in a distributed setting and resulted in a
conservative choice of the consensus gain, [19] proposed

A(9) NG

Xy =AXt ) + PZC:RII(ZZ - Czﬁgz))
PROY PR )
JEN (D)
Py =AP; + P,AT +Q - P.C/R;'CiP;
—-P Y (Pt =P P (43)
JeN (@)

For this filter [19] proves stability in mean of the estima-
tion error under an ad-hoc assumption that is however
difficult to verify about the convergence of the estima-
tion error covariance matrices of the nodes.

IKCF. The Information-Weighted Kalman consensus
filter (IKCF) [7] extends the MKCF to C; # I. It also
explicitly models communication noises. In absence of
communication noises the algorithm is

W =A% + g, P.C] R (2 — CiR)
+F Y P! (ﬁgﬂ - §<§“) (44)
JeEN(®)
By =(A+ NOIDP + P(A+ NDINT +Q
- g?PiCiTRi_lcilji - b 2 (Pj_l - Pi_l) b
JeEN (D)
(45)



The proof of the boundedness of the estimation error
provided in [7] contains some technical issues [3].

6 Simulation results

We consider several scenarios. Let N = 5 with the nodes
connected in a chain, i.e. the edges are (7,7 + 1), and
system (1) with

-01 0 0 0
05 =05 0 0

A= (46)
1.5 0 —-020

-1 0 1 0

Scenario 1: complete information. The system state
is available to all nodes, i.e. C; = Iy.

Scenario 2: local observability. The output is avail-
able to all nodes, C; = [1, 1, 1, 1]. (C;, A) is observable.

Scenario 3: collective observability. The system is
available to allnodes, Cy = [1, 0, 1, 0],Cy = [0, 1, 0, 0],
C; =[1,0,0,0], Cy = [1,0,1,1], C5 = [0, 1, 1, 0].
(C;, A) is not observable, but (C, A) is observable.

Scenario 4: sparse state availability. The system
state is available only to nodes in {1, 5}, i.e. C; = C5 =
I4,Cg=03=04=0.

Scenario 5: sparse measurement availability. The
output is available only to {1, 5}, Cy = C3 = C4 = 0,

1010 1011
C = , Cs= ;o (47)
0100 0110

The comparison includes 100 simulations with ¢ € [0, 50]
and integration step dt = 2-1073. Q = qply with
gf = 0.3 and R; = r¢1;, where ry = 0.6 and I; has the
same number of rows as C;. For ADKF, SDKF and DKF
v = 100. DKF can be used only when there is local ob-
servability. However, at nodes with no measurements K;
is not needed and P; may assume any value. We used
P; = I in the simulations of Scenario 4. MKCF needs
C; = I, thusit can be used in scenarios 1 and 4. However,
when R; is scalar the terms are still congruent, thus we
used MKCF also for scenarios 2, 3. The results are sum-
marized in Table 1. Notice that when it can be applied,
the DKF attains a better consensus than ADKF. This
fact however may depend on the value of v. To investi-
gate this issue we have computed the variance of the es-
timation error tr([X4];,;) at each node as a function of +
in Scenario 3 (notice that Ap (7) X+ X A5 (y) = =¥y,

holds true). The results are shown in Fig. 2 (left). The
plot confirms Theorem 3: when « increases the variance
of the estimation error of all the nodes converge to the
optimal value tr(Py). Fig. 2 (right) shows that the con-
sensus is a linear function of ~y. Fig. 3 illustrates the dis-
tributed computation of P, with the Push-Sum algo-
rithm on a 5 x 5 grid of 25 nodes and the output matri-
ces of scenario 3. C;—C} are used at the grid corners, the
other nodes have no measurement. With d¢t = 2 - 1073
the nodes converge at P, in less than 0.2s. At ¢t = 0.5s
node 8 starts with C5 and P is updated in less than
0.1s.

7 Conclusions

Our results do not extend immediately to the discrete-
time case (Remark 1). Thus, it is interesting to derive a
discrete-time implementation of ADKF and to charac-
terize the loss of accuracy and consensus. Further exten-
sions include communication delays and disturbances.
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